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ABSTRACT 
The problem o f  an e l a s t i c  o r t h o t r o p i c  ha1 f -p lane subjected t o  s i n u s o i d a l  
normal 1 oadi ng over t h e  en t  i r e  s t r a i g h t  boundary, apparent ly  f i r s t  analyzed by 
Mansf i e l  d and Best, i s reexamined. Stresses a re  c a l  c u l  a ted f o r  combi n a t i  ons o f  
m a t e r i a l  p r o p e r t i e s  which are rep resen ta t i ve  of some u n i d i r e c t i o n a l  f i l a m e n t a r y  
composites, and o f  (+45O), - laminates made from t h e  same u n i d i r e c t i o n a l  m a t e r i a l s .  
P l o t s  o f  t h e  s t resses as f u n c t i o n s  o f  t h e  d i s tance  from t h e  loaded boundary show 
t h a t  t hey  can d i f f e r  g r e a t l y  f rom t h e i r  coun te rpa r t s  i n  t h e  i s o t r o p i c  h a l f - p l a n e  
under t h e  same loading.  
a re  seen t o  e x h i b i t  o s c i l l a t o r y  behavior. 
o f  t h e  a p p l i c a b i l i t y  o f  S t .  Venant's p r i n c i p l e  t o  o r t h o t r o p i c  m a t e r i a l s  i s  
b r i e f l y  discussed. 
I n  add i t i on ,  t h e  s t resses i n  some o r t h o t r o p i c  m a t e r i a l s  
How t h e  r e s u l t s  bear on t h e  ques t i on  
I NTRODUCT I ON 
Various vers ions o f  S t .  Venant's p r i n c i p l e  have been invoked t o  j u s t i f y  t h e  
replacement o f  a g iven s e t  of'boundary t r a c t i o n s  on an e l a s t i c  body by another 
s t a t i c a l l y  equ iva len t  set ,  u s u a l l y  f o r  t h e  purpose o f  mathematical s i m p l i f i c a t i o n .  
I n  essence, t h e  o r i g i n a l  problem i s  replaced by a s imp le r  a l t e r n a t i v e  problem and, 
under s u i t a b l e  r e s t r i c t i o n s ,  t h e  a l t e r n a t i v e  s o l u t i o n  i s  found ( o r  assumed) t o  be 
s u f f i c i e n t l y  accurate a t  i n t e r i o r  po in ts  which a re  s u f f i c i e n t l y  f a r  removed from 
t h e  a f fec ted  p a r t  o f  t h e  boundary. 
s t i p u l a t i o n s  t h a t  t h e  e l a s t i c  body be simply connected, and t h a t  t h e  o r i g i n a l  s e t  
Typica l  o f  t h e  r e s t r i c t i o n s  i n v o l v e d  a r e  
(hence, t h e  a1 t e r n a t i  ve s e t  ) o f  boundary t r a c t i  ons be se l  f -equi 1 i b r a t i  ng. 
t i o n a l  r e s t r i c t i o n s  a re  sometimes imposed, depending on t h e  nature of t h e  problem. 
Addi - 
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How f a r  an i n t e r i o r  p o i n t  must be from t h e  a f f e c t e d  p a r t  o f  t h e  boundary 
i n  o rde r  f o r  t h e  a l t e r n a t i v e  s o l u t i o n  t o  be "accurate enough" o f t e n  depends on 
a c h a r a c t e r i s t i c  dimension associated w i t h  t h e  s e t  of sur face t r a c t i o n s .  For  
example, Boussinesq has shown t h a t  i f  normal e x t e r n a l  forces on t h e  p lane su r face  
& 
o f  an i s o t r o p i c  ha l f -space a re  conf ined t o  a c i r c l e  of rad ius  E ,  then t h e  s t resses  
a t  t h e  f i x e d  i n t e r i o r  p o i n t  a t  a d is tance r > € f rom t h e  center  o f  t h e  c i r c l e  a re  
a 
- o f  order  o f  magnitude 2 , i.e., lqjl < C ($)', when both t h e  r e s u l t a n t  f o r c e  
and moments o f  the  app l i ed  fo rces  are  zero (see r e f .  1). 
With a simple boundary-value problem f o r  a ha l f -p lane,  some aspects o f  
which were s tud ied i n  reference 2, t h e  present  paper demonstrates t h a t  conven- 
t i o n a l  vers ions o f  S t .  Venant's p r i n c i p l e  can be inadequate when t h e  e l a s t i c  
body i s  an iso t rop ic .  
t r o p i c  ha l f -p lane  subjected t o  s i n u s o i d a l l y  va ry ing  normal t r a c t i o n  on t h e  
Exact expressions are  g iven f o r  t h e  s t resses i n  an o r t h o -  
s t r a i g h t  boundary. Numerical r e s u l t s  a re  obta ined f o r  s t resses i n  o r t h o t r o p i c  
ha1 f -pl  anes whi ch a re  rep resen ta t i  ve of some u n i  d i  r e c t i  onal  and (+45O) - 
laminates,  and compared w i t h  corresponding r e s u l t s  f o r  an i s o t r o p i c  ha l f -p lane.  
composite 
ANALYSIS  
The problem i s  t h a t  o f  a ' l i n e a r  e l a s t i c  o r t h o t r o p i c  ha l f -p lane  y - > 0 
subjected t o  a s i n u s o i d a l l y  va ry ing  normal "pressure" over  t h e  e n t i r e  s t r a i g h t  
boundary, i.e., the l i n e  y = 0. For  s i m p l i c i t y ,  a t t e n t i o n  i s  r e s t r i c t e d  t o  cases 
i n  which t h e  coord inate axes are  l i n e s  o f  m a t e r i a l  symmetry. 
p lane s t r e s s  t h e  governing equat ions (see r e f .  3)  f o r  t h e  ha l f -p lane  y - > 0 are:  
For genera l i zed  
Equi 1 i b r i  urn: 
C o m p a t i b i l i t y :  
The boundary cond i t i ons  are: 
G y  b, 0) = 0 ?r (Jj (Y,O) = P COS,% 9 
( 4 )  
a d  for y - m ,  ~ , ( T Y ,  rxy - 0 .  
For t h e  boundary t r a c t i o n s  g iven i n  ( 4 ) ,  a separable s o l u t i o n  i s  poss ib le .  
Assuming f o r  q ( x ,  y )  t h e  form 
t h e  equat ions (1) - ( 5 )  r e q u i r e  t h a t  f ( y )  s a t i s f y  t h e  homogeneous equat ion 
The funct ion f ( y )  s a t i s f y i n g  ( 6 )  can have d i f f e r e n t  forms, depending on t h e  
p r o p e r t i e s  o f  t h e  o r t h o t r o p i c  'half-plane. 
t o  most engineer ing m a t e r i a l s  cha rac te r i zab le  as o r t h o t r o p i c  f a l l  i n t o  two cases, 
t h e  f i r s t  o f  which was t r e a t e d  p rev ious l y  i n  reference 2: 
The s o l u t i o n  forms which are a p p r o p r i a t e  
Case I - 
4 
Most o r t h o t r o p i c  m a t e r i a l s  w i t h  g ross l y  d i f f e r e n t  p r i n c i p a l  s t i f fnesses,  e.g., 
u n i d i r e c t i o n a l  f i lamentary composites, f a l l  i n t o  Case 1. 
The (+45O), - laminates considered h e r e i n  f a l l  i n t o  t h i s  case. 
Then, f o r  Case 1 t h e  s t resses have t h e  form 
For Case 2 t h e  stresses are:  
I n  t h e  i s o t r o p i c  h a l f - p l a n e  under i d e n t i c a l  loading,  t h e  s t r  
a 
sses are:  
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RESULTS AND DISCUSSION 
From equat ions (9 )  and (10) i t  i s  c l e a r  t h a t  t h e  r a t e s  o f  decay o f  t h e  
s t resses w i t h  d i s tance  from t h e  surface o f  t h e  o r t h o t r o p i c  ha l f -p lane  depend 
no t  on l y  on a, t h e  h a l f - p e r i o d  of t h e  s inuso ida l  loading,  b u t  a l s o  on t h e  para- 
meters and A2 i n  Case 1, and on k l  and k 2  i n  Case 2. I n  bo th  
cases, o f  course, t h e  parameters a r e  funct ions o f  m a t e r i a l  p roper t i es .  
t r a s t ,  as i s  ev ident  i n  equat ions ( l l ) ,  t h e  r a t e s  of decay of t h e  s t resses i n  
t h e  i s o t r o p i c  h a l f - p l a n e  depend on only a. 
I n  con- 
To i l l u s t r a t e  some of t h e  inf luences of an isot ropy on s t r e s s  decay, t h e  
stresses q ( 0 , y )  and rxy (+ ,y )  have been c a l c u l a t e d  f o r  t h e  i s o t r o p i c  
ha1 f -p l  ane, two un i  d i  r e c t i  onal graphi  te/epoxy f i 1 amentary composite ha1 f -p l  anes, 
and two (+45°)s - graphi te lepoxy f i lamentary composite hal f -p lanes. (Two a d d i t i o n a l  
s e t s  o f  u n i d i r e c t i o n a l  ha l f -p lane r e s u l t s  are obta ined by r o t a t i n g  t h e  o r i g i n a l  
un i  d i  r e c t i  onal 
p r o p e r t i e s  are 
s e n t a t i v e  o f  a 
(B r o t a t e d  900 
m a t e r i a l s  by 900 w i th  respect t o  t h e  (x,y) system). 
l i s t e d  i n  Table 1. 
t y p i c a l  graphi te lepoxy laminate (see r e f .  4); m a t e r i a l s  B and B' 
The m a t e r i a l  
Ma te r ia l s  A and A '  ( A  r o t a t e d  900) a r e  rep re -  
a re  rep resen ta t i ve  o f  a u n i d i  r e c t i o n a l  graphi  te/epoxy l am ina te  
c o n t a i n i n g  a higher-modulus g r a p h i t e  (see ref .  5). 
laminates composed o f  l a y e r s  o f  m a t e r i a l s  A and B, respec t i ve l y .  
M a t e r i a l s  A and a r e  (+45°)s - 
Figu res  1 and 2 c o n t a i n  graphs o f  cY(O,y )  i n  t h e  i s o t r o p i c  ( I )  and t h e  
four  u n i d i r e c t i o n a l  hal f -p lanes. 
ha l f -p lanes  f a l l  i n t o  Case 1.) 
d i r e c t i o n  (Ma te r ia l s  A and B), 
o n l y  moderately from i t s  counterpar t  i n  t h e  i s o t r o p i c  m a t e r i a l .  
t h e  l o a d i n g  i s  p a r a l l e l  t o  t h e  f i b e r s  (ma te r ia l s  A '  and B ' ) ,  t h e  d i f f e r e n c e s  a re  
pronounced. 
ajy(O,y) 
(Note t h a t  t h e  s t resses i n  t h e  u n i d i r e c t i o n a l  
When the a p p l i e d  l o a d i n g  i s  normal t o  t h e  f i b e r  
CTj,(O,y) i n  t h e  u n i d i r e c t i o n a l  m a t e r i a l s  d i f f e r s  
However, when 
For example, i n  F igure 2(a), which i s  f o r  t h e  higher-modulus g raph i te ,  
i n  t h e  i s o t r o p i c  m a t e r i a l  decays t o  20% o f  i t s  maximum value a t  
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Tr W 
ay = 3, b u t  i n  ma te r ia l  B '  on l y  t o  38% o f  i t s  maximum value a t  zy = 8, 
ev inc ing  l a r g e  d i f f e rences  i n  decay r a t e  w i t h  d is tance from t h e  boundary. 
Ma te r ia l - re la ted  d i f f e r e n c e s  a r e  a l s o  ev ident  i n  F igures  l ( b )  and 2(b) ,  
a where rxy ( 7 , ~ )  i s  graphed f o r  t h e  f i v e  ha l f -p lanes .  Resul ts  f o r  t h e  i s o -  
t r o p i c  and o r t h o t r o p i c  ha l f -p lanes  d i f f e r  i n  t h e  magnitude and l o c a t i o n  o f  t h e  
maximum shear s t ress,  and i n  r a t e  o f  decay w i t h  d i s tance  from t h e  boundary. 
Typ ica l l y ,  maximum shear s t r e s s  i s  g rea te r  i n  t h e  o r t h o t r o p i c  ma te r ia l  when t h e  
l oad ing  i s  normal t o  t h e  f i b e r s  (ma te r ia l s  A and B), and i t s  l o c a t i o n  i s  somewhat 
nearer  t h e  surface. The decay r a t e s  i n  t h e  t h r e e  hal f -p lanes are comparable. 
On t h e  other  hand, when t h e  l oad ing  i s  p a r a l l e l  t o  t h e  f i b e r s  (ma te r ia l s  A '  
and B ' ) ,  t h e  maximum shear s t r e s s  i s  lower i n  t h e  o r t h o t r o p i c  ma te r ia l ,  and t h e  
peak occurs somewhat f a r t h e r  f rom t h e  surface. I n  a d d i t i o n ,  t h e  r a t e s  o f  decay 
w i t h  d is tance from t h e  sur face  a re  markedly d i f f e r e n t .  
example, t h e  shear s t r e s s  i n  t h e  o r t h o t r o p i c  m a t e r i a l  i s  s t i l l  a t  n e a r l y  50% 
o f  i t s  maximum value a t  z y  = 8. 
m a t e r i a l  f a l l s  t o  50% o f  i t s  maximum value a t  
a much g rea te r  maximum value. 
I n  F igure  2(b) ,  f o r  
I n  con t ras t ,  t h e  shear s t ress  i n  t h e  i s o t r o p i c  
z 2.6, a f t e r  hav ing a t t a i n e d  aY 
An add i t i ona l  m a t e r i a l - r e l a t e d  phenomenon i s  ev ident  i n  t h e  s t resses  com- 
puted f o r  t h e  two (+45°)s - laminates (which r e q u i r e  a s o l u t i o n  o f  t h e  fo rm g iven 
by Case 2)  and graphed, a long w i t h  r e s u l t s  f o r  t h e  i s o t r o p i c  case, i n  F igures  3 
and 4. 
laminates a r e  seen t o  o s c i l l a t e ,  behavior  which i s ,  o f  course, ev ident  i n  
equat i ons ( 10). 
Besides e x h i b i t i n g  d i f f e r e n t  decay ra tes ,  t h e  s t resses i n  t h e  (+45°)s - 
It should a l s o  be noted t h a t  l a r g e  decay-rate d i f f e r e n c e s  can e x i s t  n o t  
on l y  between i s o t r o p i c  and o r t h o t r o p i c  ma te r ia l s ,  b u t  a l s o  between o r t h o t r o p i c  
m a t e r i a l s  w i t h i n  t h e  same case. Th is  phenomenon appears t o  be most s t r o n g l y  
i n f l uenced  by the ma te r ia l  p r o p e r t y  r a t i o  - EY . 
G 
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With regard t o  t h e  a p p l i c a b i l i t y  of S t .  Venant's p r i n c i p l e ,  another s e t  o f  
surface t r a c t i o n s  which i s  s t a t i c a l l y  equ iva len t  t o  t h e  present system i s  t h e  
s e t  of zero t r a c t i o n s ,  which leads d i r e c t l y  t o  t h e  t r i v i a l  problem o f  an un- 
s t ressed hal f -p lane.  
t h a t ,  a t  a d i s tance  g rea te r  than 2a from t h e  surface, a l l  s t resses a re  (more o r  
l e s s )  n e g l i g i b l e  and, hence, comparable t o  t h e  t r i v i a l  s o l u t i o n ,  t h i s  argument 
c l e a r l y  would n o t  h o l d  f o r  some o f  the o r t h o t r o p i c  m a t e r i a l s  considered here, 
e s p e c i a l l y  t h e  u n i d i r e c t i o n a l  ma te r ia l s  under l o a d i n g  p a r a l l e l  w i t h  t h e  f i b e r s .  
Though i n  t h e  i s o t r o p i c  case i t  might  s t i l l  be argued 
CONCLUDING REMARKS 
The examples presented h e r e i n  i l l u s t r a t e  o n l y  one o f  several  p i t f a l l s  
assoc iated w i t h  a f a c i l e  i n v o k i n g  of S t .  Venant's p r i n c i p l e ,  and on ly  one o f  
t h e  reasons t h a t  t h e  p r i n c i p l e  i s  d i f f i c u l t  t o  s t a t e  genera l l y  enough t o  be 
w ide ly  a p p l i c a b l e  y e t  s p e c i f i c a l l y  enough t o  be maximally h e l p f u l .  I n  t h e  s imply  
connected body, a t  l e a s t ,  t h e  problem i s  more one of q u a n t i t y  than q u a l i t y ,  s ince 
most statements o f  t h e  p r i n c i p l e  conta in  such f o r g i v i n g  phrases as " s u f f i c i e n t l y  
f a r  removed" and " e s s e n t i a l l y  t h e  same;" however, t h e  ana lys t  i s  sometimes asked 
t o  j u s t i f y  i t s  use numer ica l ly .  
obtained, t h e  p r i n c i p l e  i s  l a r g e l y  superf luous. 
d i f f i c u l t  does t h e  ana lys t  have a v i t a l  i n t e r e s t  i n  t h e  p r i n c i p l e ' s  a p p l i c a b i l i t y  
which, i n  such cases, i s  d i f f i c u l t  t o  e s t a b l i s h .  The present s o l u t i o n  suggests 
t h a t ,  a t  l e a s t  i n  problems i n v o l v i n g  some o r t h o t r o p i c  ma te r ia l s ,  t h e  u t i l i t y  o f  
t r a d i t i o n a l  forms o f  S t .  Venant's p r i n c i p l e  can be q u i t e  l i m i t e d .  
When t h e  r e q u i r e d  numerical values a re  e a s i l y  
Only when t h e  c a l c u l a t i o n s  a re  
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TABLE 1 - HALF-PLANE MATERIAL PROPERTIES 
Mater i  a1 
( Uni d i  r e c t i  onal  ) 
graphi  te lepoxy  
A 
A '  
( Uni d i  r e c t i  ona l )  
graphi  te lepoxy  
B 
B '  
A ((+45O), Laminate) 
07 mate r ia l  A 
f3 ( (  +45O), Laminate) 
07 m a t e r i a l  B 
19 x 106 
1.89 x 106 
94 x lo6 
3.6 x 106 
3.20 x lo6 
6.01 x lo6 
1.89 x lo6 
19 x 106 
3.6 x lo6 
94 x 106 
3.20 x lo6 
6.01 x lo6 
vXY 
0.38 
0.038 
0.25 
0.01 
~~ 
0.7 18 
0.879 
G, p s i  
0.93 x lo6 
0.93 x 106 
1.6 x lo6 
1.6 x 106 
4.93 x lo6 
24.0 x lo6 
10 
1.0 
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.7 
.6 
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(a) Normal stress 
Figure 1 - Stress decay in unidirectional Platerial A(A'). 
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F i g u r e  1 - Concluded. 
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Figure 2 - Stress decay i n  unidirectional Flaterial B ( B ' ) .  
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